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Abstract. We study the Ramond twisted representations of the affine W- 
algebra W'' (g, /) in the case that / admits a good even grading. We establish 
the vanishing and the almost irreducibility of the corresponding BRST coho- 
mology. This confirms some of the recent conjectures of Kac and Wakimoto 
|KW5I . In type A, our results give the characters of all irreducible ordinary 
Ramond twisted representations of 'W''{sln, f) for all nilpotent elements / and 
all non-critical fc, and prove the existence of modular invariant representations 
conjectured in IKW5I . 



1. Introduction 

Let be a complex simple Lie algebra, / a nilpotent element of g, g the non- 
twisted affine Kac- Moody Lie algebra associated with g. Let W'''(g, /) be the affine 
W -algebra associated with (g, /) at level fc £ C, defined by the method of the 
quantum BRST reduction [FF l ldBT2l[KRW| . 

The vertex algebra W^(g, /) is in general ^Z>o-graded |KW3I . Therefore it 
is natural |KW5j to consider its Ramond twisted representationiij. In fact it is 
in the Ramond twisted representations where the corresponding finite W -algebra 
W*^"(g, /) [L^ldBTH lPl] appears as its Zhu algebra, according to [PSK] , 

In the previous paper [A3j we studied the representations of 'W''(g, /) in the case 
that / is a principal nilpotent element. In the present paper we study the Ramond 
twisted representations of W''(g, /) in the case that / admits a good even grading. 
All nilpotent elements in type A satisfy this condition. 

There is a natural BRST (co)homology functor H^^'^"^ {!) from a suitable cat- 
egory of representations of g at level k to the category of Ramond twisted rep- 
resentations of W'^(g,/). In our case H^^^'^ [M) is essentially the same BRST 
cohomology studied in the recent work |KW5j of Kac and Wakimoto. In the case 
that / is principal this functor is identical to the "—"-reduction functor studied in 
[FKW1 IAT1IA3]. 

The main result of this paper is the vanishing and the almost irreduciblity of the 
BRST cohomology (Theorem 15.5.41) . Though our formulation is slightly different 
from that of |K W5| . this result proves Conjecture B of [KW5j, partially. Here, recall 
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^ If / is an even nilpotent element then W*(g, /) is Z>o-graded and Ramond twisted repre- 
sentations are usual (untwisted) representations. 
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[DSK| that a positive energy representation M = ®dedo+i,>o ^'^'-'^ ^'^'^'> 7^ 0; of ^ 
vertex algebra V is called almost irreducible if M is generated by Af^o and there 
is no graded submodule of M intersecting Mdg trivially. In particular an almost 
irreducible module M is irreducible if and only if its "top part" M^p is irreducible 
over the Zhu algebra of V. 

In our case the top part of the BRST cohomology functor is identical to the 
Lie algebra homology functor (the Whittaker functor [Ml IBK| ) from the highest 
weight category of g to the category of W^'^{q, /)-modules (see §5.4p . Therefore our 
result reduces the study of the BRST cohomology functor to that of the Whittaker 
functor in the representations theory of finite M^-algebras. 

Although the representation theory of finite M^-algebras has been rapidly devel- 
oping (cf. |P3|, IP2|, ILos| IBGKj ). not much is known about the Whittaker functor 
associated with W^'^{q, f) except for some special cases [Mj, unless q = s[„: In type 
A, Brundan and Kleshchev |BK| determined the characters of all irreducible finite- 
dimensional representations of W*^"(s[„, /), by showing that the Whittaker functor 
sends an simple module to zero or a simple module, and any simple W*^"(s[„, /)- 
module is obtained in this manner. It follows that in type A the almost irreduciblity 
of the BRST cohomology actually implies the irreduciblity, and furthermore, any 
irreducible ordinarjfl representation of W'^(s[„,/) is isomorphic to H^^^^{L{X)) 
for some irreducible highest weight representation L{X) of s[„ with highest weight 
A (Theorem 15.7. 1|) . Hence our result shows that the character of every irreducible 
ordinary Ramond twisted representation of W'^(sl„, /) at any level /c G C is deter- 
mined by that of the corresponding irreducible highest weight representation of g, 
which is known [KTj (in terms of the Kazhdan-Lusztig polynomials) provided that 
k is not critical. This generalizes the main results of [A2| I A3| . 

The most important representations of a vertex algebra are those irreducible 
ordinary representations whose normalized characters are modular invariant. Kac 
and Wakimoto [KW5| have recently discovered the remarkable triples (g, /, fc), for 
which the (nonzero) normalized Euler-Poincare characters of the BRST cohomology 
if^^^"'"(L(A)), with the coefficient in the irreducible principal admissible represen- 
tations L{X) of Q at level fc, are homomorphic functions on the complex upper half 
plane and span an S'L2(Z)-invariant spacqj. Our results show in type A that these 
Euler-Poincare characters are indeed characters of irreducible Ramond twisted rep- 
resentations of W''(s[„, /), as conjectured in [KW5| (see Theorem 1 5. 8. 4|H . 

Non-twisted representations of aSine W^-algebras are studied in our subsequent 
paper. 

Acknowledgment. The author is grateful to Professor M. Wakimoto for explain- 
ing his joint work JKW5] with Professor V. Kac, and to Professor A. Premet for very 
useful discussion on finite M^-algebras. He is grateful to Professor Simon Goodwin 
who pointed out a mistake in the first version of the paper. The results of the paper 
were reported in part at TMS & AMS Joint International Conference in Taichung 
in December 2005, in "Representation Theory of Algebraic Groups and Quantum 

"^An irreducible positive energy representation of a vertex algebra is called ordinary if its all 
homogeneous subspaces are finite-dimensional. 

^ In the case that / is a principal nilpotent the existence of modular invariant representation 
of W*(g, /) was conjectured by Frenkel, Kac and Wakimoto |FKW) and proved in [A3) . 

^It seems that the "top parts" of modular invariant representations are in general "generic" 
representations of W^"(g, /), see Theorem l5.8.1l 
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Groups 06" in Nagoya in June 2006 and in "Exploration of New Structures and 
Natural Constructions in Mathematical Physics" in Nagoya in March 2007. 

Notation. Throughout this paper the ground field is the complex number C and 
tensor products and dimensions are always meant to be as vector spaces over C. 

2. Preliminaries on Vertex Algebras and their Twisted 

Representations 

In this section we collect the necessary information on vertex algebras and their 
(twisted) representations. The textbook [K2[ IFBZ] and the papers [LH IBaKi IDSK] 
are our basic references in this section. 

2.1. Fields. Let V he a, vector space. For a formal series a{z) e (End z^^]], 
we set a(„) = ReSz z'^a{z), where ReSz denotes the coefficient of z^^ . 

An element a{z) = X^nsz '"(n)-^"""^ ^ (End z""'^]] is called afield on V if 

= for all V and n ^ 0. 
The normally ordered product 

(1) : a{z)b{z) := a(z)_6(z) + b{z)a(z)+ 

of two fields a(z) and b{z) is also a field, where a(z)_ = X]n<o "^(n)"^"""^ ^^'^ 

Two fields a{z) and 6(z) are called mutually local if 

(2) {z - wYlaiz), 6(w)] =0 for r > 

in {EndV)[[z,z-\w,w-^]]. 
Set 

(3) S{z -w) = Y^ e C[[z, z-\w, w-i]]. 
The locality ^ gives 

(4) Hz),b{w)] = ^(a(z)(„)6(z«))9N<5(z-u;), 

n>0 

where cJIT' = d^/nl, = and 

a(z)(„')&(u') = ^es.z(z — u')"[a(z), b{w)]. 

2.2. Vertex Algebras. A vertex algebra is a vector space V equipped with the 
following data: 

• A vector 1 (vacuum vector), 

• T e End]/ (translation operator), 

• A collection {a"(z) = X^nez "^"n)-^"""^' ^ ^} '^^ fields on V, where A is 
an index set (generating fields), 

These data are subject to the following: 

(i) Tl = 0, 

(ii) [T,a"(z)] = dza°'{z) for aU a G A, 

(iii) a"(z)l e V[[z\] for all a £ A, 

(iv) the vectors a"^^^ . . . a"^ ^1 with r > 0, ai £ A and rui G Z span V , 

(v) for any a,P £ A the fields a"(z) and a''(z) mutually local. 
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Let y be a vertex algebra. There exists a unique linear map 

(5) V ^{EndV)[[z,z-% a^Y{a,z) = Y.''MZ-''-' 

such that 

(i) Y{a, z) is a field on V for any a G 

(ii) Y{a, z) and Y{h, z) are mutually local for any a, 5 G F, 

(iii) [T, y(a, z)] = dza{z) for any a G 

(iv) Y{a, z)l G and lim Y{a, z)l = a for any a £ V, 

(v) y(a"_-^^l, z) = a"(z) for any generating filed a"(z). 
The map Y(7, z) is called the state-field correspondence. 

A Hamiltonian of a vertex algebra is a diagonalizable operator H G End V 
such that 

[iJ, Y{a, z)] = Y{Ha, z) + zdzY{a, z) for aU a G 

A vertex algebra with a Hamiltonian H is called graded. If a is a eigenvector of H 
its eigenvalue is called the conformal weight of a and denoted by A^. Lelll 

Fa = {a G V]Ha = Aa}, 

so that V = 0Aec ^A- 

2.3. Twisted Representations of Vertex Algebras. Let G N. An N -twisted 
field a{z) on a vector space i\/ is a formal power series in z^l^ ^ z~^l^ of the form 

(6) a{z) = ^ a(„)^""~\ a(„) G End(Af) 

such that a(^n)m — for all m G M and n ^ 0. 

Two A^-twisted fields a{z) and 6(z) on M are called mutually local if they satisfy 
in (EndM)[[zi/^,z-i/^,u.i/^,w-i/^]]. 

Let y be a vertex algebra, a an automorphism of V of order A^. A a-twisted 
representation of V is a vector space M equipped with a linear map from V to the 
space of A^- twisted fields on M, 



y ^ (EndM)[[z^,z"^]], a^Y^'{a,z) ^ ^ ay:,z 



such that 

(7) Y^^{aa,z) = Y^'\a,e^'''z), 

(8) Y^'{l,z)^idM, 
and 



M „-n-l 



(9) E ? 



OO ^ \ 



^This diflfers from the notation in 
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for a e Vj, 6 e y, m G + n G -^Z, r G Z, where 

(10) V-j = {a{a) = (e^^)-^a}. 

The relation ([9]) is caUed the twisted Borcherds identity. 
By setting r = in Q, one obtains 

(11) [<),&f^)]=f:(7)Ko^)?4+„-.), 

or equivalently, 

oo 

(12) [r*^(a, z),Y^"{h, w)] = ^ r''^(a(,)6, w)dt^5,{z - w) 



i=0 



for a GVj, where 



S^{z -w) = z-^/^w^/^S{z -w)= J2 

nej/N+Z 

In particular F*^(a, z) and y^^(6, z) are mutually local. 
The relation (fTTj) gives [Li] 

(13) r*'^(a(„)6,w;) 

= Res, £ zJ"/A^-fe^-.7^(^ _ ^^)«+fc[yM(^^ yM(^^ 

for all n > 0. The sum in is finite because of the locality. (In reality (fT^l) holds 
for all n G Z in an appropriate sense, see [Li]V 
Set 6 = 1, r = -2, n = in It follows that 

(14) Y^'^{Ta,z) = d,Y'^\a,z). 

Suppose that V is graded by a Hamiltonian H. A cr-twisted representation M 
is called graded if there exists an diagonalizable operator _ff on M such that 

(15) [H^', afi^] = {Ta)fUi^ + (iJa)(„) 

for all a G y and n G -^Z. If a is homogeneous, (fTSl) is equivalent to 

(16) [i^*^af;^)] = -(n-A„ + l)af^). 
We set 

(17) Md = {m G M; iJ^'^m = dm} 
for d G C. 

A positive energy a-twisted representation^ of is a graded a-twisted represen- 
tation M of V such that there exist a finite set di , . . . , d,. G C such that Md — 
unless d G Ui + ^>o- Let V-dSlo^^ be the category of positive energy cr-twisted 
representations of V , whose morphisms are graded homomorphisms of cr- twisted 
representations. 

An ordinary cr-twisted representation of ^ is a positive energy cr-twisted repre- 
sentation of V such that dim Md < oo for all d. Let V-mo()a be the full subcategory 
of V-SWoOct consisting of ordinary cr-twisted representations. 



positive energy representations is also called an admissible representation in the literature. 
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When a = idy, cr- twisted representations are just usual (non- twisted) represen- 
tations. We set V"-97loc) = F-SJloSidi, and F-moc) — V^-moDidv 

2.4. i?-Twisted Zhu Algebras. Let be a vertex algebra graded by a Hamil- 
tonian H. Assume that Fa 7^ unless A e iZ. Then e^'^''^^^ : F ^ V is 

an automorphism of order at most A. 

If M is a graded (T//-twisted representations of V then the number n — + 1 
in ([TB|) is always an integer. Set a^^ = '^(n+A -1)' ^'^^^ 

(18) y^^(a,z) = 5]af/z— ] = -naf . 

Define the iJ-twisted Zhu algebra [Zl lUgK] Zh^F by 

(19) Zh^y = VjV o V, 
where V oV is the span of the vectors 

r>0 ^ ^ 

with homogeneous vectors a,b € V. The ZhnV is an associative algebra with the 
multiplication 

a*b = Y,[^jair-i)b. 

Let Af be an object of V-Tlo()aH ■ Denote by Vtop the sum of homogeneous 
subspace Vd such that Vd' = for all d' E d — N. Then Vtop is naturally a module 
over ZhnV by the following action: 

(20) {a + V oV)m = a^i^_^)Tn^ a^'m. 

Theorem 2.4.1 ( [Zl IDSK] ). The map M 1-^ Mtop gives a bijective correspondence 
between simple objects of V-DJloda^j and irreducible ZhnV -modules. 

The M is said to be almost highest weight if (1) Aftop — Md for some d and (2) 
M is generated by A^top over V. The M is said be almost co-highest weight if (1) 
Aftop = Md for some d and (2) M contains no graded submodule intersecting A/top 
trivially. The Af is called almost irreducible [DSKj if Af is both almost highest 
weight and almost co- highest weight. Clearly, an almost irreducible module is 
simple if and only if Aftop is irreducible over ZhnV. 

3. Affine M^-algebras 

3.1. The Setting. Let g be a complex reductive Lie algebra, / a nilpotent element 
of 0. The corresponding afhne M^-algebra W^(£i,/) at the level fc G C is defined 
by the method of the quantum BRST reduction. This method was discovered by 
Feigin and Frenkel [FFj who used it to define the W-algebra 'W*''(g,/) associated 
with the principal nilpotent elements /. The most general definition of W*''(g,/) 
was given by Kac, Roan and Wakimoto |KRWj . and the definition of W'^(0, /) given 
in |KRW|, [K W3j involves another data, namely a good grading of g for /. However, 
thanks to the results [BG| of Brundan and Goodwin, the definition of 'W'^'(0, /) 
does not depend on the choice of a good grading for /. 
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Throughout this paper we assume that f admits a good even grading unless 
otherwise stated, that is, there exists a Z-grading 

(21) = 00. 

of such that 3(0) C Qq, f € and ad/ : 0<o 0<o is surjective, where 

0<o ~ ®j<oBj ^iid 0<o — ®j<o0j- 1^^^ condition is equivalent to that 

ad/ : 0>o 0>o is injective, where 0>o = 0j>o0j and 0>o = 0j>o0j- % 
definition there exists an exact sequence 

(22) 0^0-^-^ 0<o 0<o ^ 0, 

where 0-'' is the centralizer of / in 0. 

One can find a s^-triple (e,/i,/) in such that e £ gi, h G 0o, see Lemma 1.1 
of jEKj . Below we write ho for h. Also, there exists a semisimple element xq £ 0o 
that defines the Z-grading, i.e., 

(23) Qj = {a e 0; [xq, a] = ja}. 

We fix a non-degenerate invariant inner product ( | ) on such that (e|/) = 1. 
Set 

(24) x = x/ = (/l?)er, 

and let be the coadjoint orbit of x, 

(25) d^^^dimO^. 
By dsn one has 

1 _ _f 

(26) dim0<o = -(dim0 - dim0-^) = d;^- 

3.2. Root Data. Let ^ be a Cartan subalgebra of go containing xq and hQ (see 
above). Then ^ is a Cartan subalgebra of 0. Let A be the set of roots of 0. One 
has 

A = UjgzAj-, 

where Aj = {a e A; {a,xo) = j}. The Aq is the set of roots of the reductive 
subalgebra 0o. Let Ao,+ be a set of positive roots of 0o, Ao,- = — Ao,+ . Then 
A+ = Ao,+ U A>o is a set of positive roots of 0, where A>o — Uj>oAj. Likewise, 
A_ = ^0,- LI ^<o is a set of negative roots of 0, where A<o — Uj<oAj. Let 
00 = fio,- © ^ ® no,+ and = fi_ © ^ © tT+ be the corresponding triangular decom- 
positions of 00 and 0, respectively. 

Let p be the half sum of positive roots of 0. 

Let Q, , P and be the root lattice, the coroot lattice, the weight lattice 
and the coweight lattice of 0, respectively. Denote by W the Weyl group of 0. 

We fix an anti-Lie algebra involution 9 a: ^ a;* £ such that e* = / and h* — h 
(for aWh £[)). 

Set / = {1, . . . , rank0}. Let {Jo; a G / U A±} be a basis of such that Ja with 
a G A is a root vector of root a and { J^; i G /} is a basis of ^. Denote by the 
corresponding structure constant. 
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3.3. Kac-Moody Lie Algebras. Let q be the Kac-Moody afSnization of g: 



(27) Q = 3{t,t-^]®CK®CD, 

where Q[t, t~-^] = Q(SiC[t, t~^]. The commutation relations are given by 

(28) [X{m),Y{n)] = [X,Y]{m + n) + m5m+n,o{X\Y)K, 

(29) [D, X{m)] = mX{m), [K, q]=0 



for X,Y € Q, m,n e Z, where X{m) = X^t^. The subalgebra g(8>C C is naturally 
identified with q. 

The form ( | ) is extended from q to the invariant symmetric bilinear of Q as 
follows: 

{X{m)\Y{n)) = {X\Y)Sm+n^o, {D\K) = 1, 
{X{m)\D) = {X{m)\K) = {D\D) = {K\K) = 0. 
We fix the triangular decomposition g = n_ © f) © n+ as usual: 

(30) l) = t)(SCK(BCD, 

(31) n._ = n-[t-^]®i)[t-^]t-^ (Bn+[t-^]t-\ 

(32) n+^n-[t]t®i)[t]t®n+[t]. 

Let [}* = t)* ©CAo ©C(5 be the dual of t). Here, Aq and 6 are dual elements of 
K and D, respectively. For A e f)*, the number (A, K) is called the level of \. 

Let A be the restriction of A G [)* to f)*. Wc refer to A as the classical part of A. 

Let A be the set of roots of q, A_|_ the set of positive roots, A_ = — A_|_. Then, 
A = A''*' U A™, where A'''' is the set of real roots and A™ is the set of imaginary 
roots. Let AJ = A"'*' n A± and A'^ = A™ n A±. One has 

A+ = {a + nS;a G A+, n > 0} U {-a + nS;a G A+, n > 1}. 

Let Q be the root lattice, = X^^^g^^ Z>oQ: C Q. We define a partial ordering 
< A on f)* by A - G Q+. 

Let W C GL(f)*) be the Weyl group of g generated by the reflections with 

a G A''*', where Sa(A) = A - (X,a'^)a for A G f)*. The dot action of W on t)* is 
defined by w o A = w{X + p) — p, where p = p + Aq G i)* and is the dual 
Coxeter number of q. 
For A G f)*, let 

(33) A(A) = {aGA''^;(A + p,a^)GZ}, 

(34) A+(A) = A(A)nA+, 

(35) W{X) = {so.;a G A(A)) C W. 

One knows that W{X) is a Coxeter subgroup of W, and W{X) is called the integral 
Weyl group of A G [)*. Let ix : W{X) — > Z>o be its length function. 
For an f)-module M let be the weight space of weight A G ^*: 
= {mG M-am = X{a)m Va G [)}. 

We say M admits a weight space decomposition if M = 0^ M"^ and dimM"^ < oo 
for all A. In this case we define the graded dual M* of M by 

(36) M* = Home {M^,C) C Home (M, C) . 
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Also, we selQ 

(37) Md = {me M; -Dm = dm}, 

(38) D(M) = 0Homc(Md,C) 

dec 

for a semisimple CD-module M. Note that if M is a g-module then Af^j is a g- 
submodule of M for any d. 

Lemma 3.3.1. Let M be a \)-module that admits a weight space decomposition. 
Suppose that M4 is finite- dimensional for all d. Then D(M) — M* . 

3.4. Universal AfRne Vertex Algebras. For fc £ C define the 5- module V^{q) 

by 

(39) V^{q) = C/(0)®,7(g[t]ecA:®CD)Cfc, 

where Cfc is the one-dimensional representation of ^[i] © 'CK ® CD on which ^[t] © CD 
acts trivially and K acts as the multiplication by k. 
Define a field J(z) on V''{q) for J e g by 

(40) J(z) = ^J(n)z-"-i. 

There is a unique vertex algebra structure on V''{q) such that 1 — 1®1 G ^^'^(fl) 
is the vacuum vector and {J{z);J g g} is a set of generating fields. The vertex 
algebra V^{q) is called the universal affine vertex algebra associated with g at level 
k. 

3.5. Clifford Vertex Algebras. Set 

(41) i0>o = 2>o<E>C[t, t-^], L0<o = Q<o(S>C[t, t~^]. 

They are nilpotent subalgebras of g. 

Let CI be the Clifford algebra associated with i0<o © i0>o and the restriction 
of ( I ) to i0<offii0>o- The superalgebra C/ has the following generators and 
relations: 

generators: ijjain) {a G A^O;'^ G ^), 

relations: i^ain) is odd, 

[■0a (to), -0/3 (n)] = (5Q+/3,0'5m+n,0 G A^q, TO, n E Z) . 

Here A^o - A<o U A>o. 

The algebra 6/ contains the Grassmann algebras /\(Lg<o) and /\{Lgyo) as 
its subalgebras; A(-^0<o) = {i'a{n)]a G A<o,n G Z), /\(L0>o) = (■0Q(n);a G 
A>o, n el). One has 

(42) ^ /\{Lg>o)® /\{L-Q<o) 
as linear spaces. 

In view of (|42|) . the adjoint action of f) on £g<o ©i0>o induces an action of f) 
on e/: e/ = ®xeQ S'^- 



^This diflfers from the notation in | A3| . 
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Let /\^^*(L0>o) be the irreducible representation of CI generated by the vector 
1 such that 

(43) ipc{n)1^0 ifa + nSeA"^. 

Then A'^'''*(-^0>o) = A(^fl<o H ti-)® A(^0>o H n_) as Hnear spaces. We regard 
/\~~^* (Lq^q) as an f)-niodule under this identification: 

/\^^'(L0>o)= /\^'"(L0>o)^ 

The space A~^*(-^0>o) is Z-graded by charge: 

(44) /\^^'(Ls>o) - A^'''(i0>o)- 

The charge of 1, ipain) and ■0-a(7^) with a G A>o and n g Z are 0, —1 and 1, 
respectively. The C^-module A~^*(^fl>o) is often called the space of semi-infinite 
forms on L0>o. 

There is a unique vertex (super) algebra structure on A~^*(-^£i>o) such that 1 
is the vacuum vector, and 

(45) ipa{z) = ^ tpa{n)z~"-~'^ with a € A>o, 

(46) i'aiz) = ^ i)ain)z'"- with a e A<o 

are generating fields. The vertex algebra A~^*(-^0>o) is also called the Clifford 
vertex algebra associated with Lq^q. 

3.6. The W^-Algebra /). Because both V'=(0) and A'^^'(-^0>o) are vertex 

algebras, the tensor product 

(47) C'^V\mf\^^'{L-Qyo) 

is also a vertex algebra. Set C — V^'^(g)® A^^'(-^0>o), so that 

(48) c' = 0r. 

Let Q{z) be the odd field on C defined by 

(49) Q{z)^Q'\z) + x{z), 
where 

<9"(^)= J2 Jai^^J-aiz) - ^ cl^p^_c,{z)lp-piz)tpjiz), 
X{z) = X! ^(-^Q)'0-a(2) 

(x is defined in (pi]) ). One has 

(50) [Q{z),Q{w)]^0, 
and therefore, 

(51) Qlo) = 
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because Q{z) is odd. (Recall that Q(o) = ReSz Q{z), see §2.11 ) 
Since Q(o)C^ C C'^^, (C, Q(o)) is a cochain complex. 

Definition 3.6.1. The universal afjine W -algebra 'W*''(g,/) associate with (g,/) 
at /ewe/ k is the zeroth cohomology of the complex (C, Q(a)): 

(52) W'^-(0,/)=i?O(C-,Q(o)). 

The VF-algebra 'W'^(0, /) inherits the vertex algebra structure from C*. 

3.7. The Hamiltonian of W'^(g,/). Set 

(53) H^-D- i/io, 

where ho is the element in the s[2-triple {e,ho,f} fixed in §3.11 The right-hand- 
side is considered as an element of (} which acts diagonally on the complex C* = 

One knows that H defines a Hamiltonian on C* (cf. §4.9 of ( K2| ). 
Lemma 3.7.1. One has [i/, Q(o)] = 0, 
Proof. Obviously [i?,Q(o)] = 0. Also, 

(54) a{ho) = 2 for all a such that x( Jq) ^ 0. 

This gives [i?,X(o)] =0. □ 
From Lemma [3. 7. H it follows that H defines a Hamiltonian of 'W'^(g, /). One has 

^=(0,/)= W'=(0,/)a, 

Aeiz 

(55) W'=(0,/)A = {aeW'=(fl,/);iJa = Aa}. 

3.8. Generating Fields ofW''(0,/). Set 

(56) Ja(z) = ^J,(n)z-«-i = J,(z)- <p ■■ ■■ 

for a e I U A. One has [KW3l (2.5)] on C* 

(57) [Ja(TO), Jb(n)] 

= + + Mfc + /i^)(a|6) - ^Kg„(a,6) j TO(5„+„,oid, 

(58) [Ja{m),iPain)]^J2'^a,ci^pi^ + ^) 

d 

provided that either a, 6 e A>o U / and a G A>o, or a. 6 G A<o U / and a G A<o, 
where Kg^^a, b) is the Killing form of go- 

Let be the vertex subalgebra of C generated by the fields Ja{z) and il^/siz) 
with a G / U A<o and /3 G A<o. By (l57)l and (|58|) . is spanned by the vectors 

Jai(TOl) . . . Ja,{mr)lpl3-,{ni) . . . V'/3, (?^s ) 1 

with a, G / U A<o, A G A<o, mi, G Z. 
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Similarly let C*_ be the vertex subalgebra of C* generated by the fields Ja{z) and 
'ipf3{z) with a,/3 G A>o. Then CI is spanned by the vectors 

with Ui e A>o, A S A>o, rrii, Ui e Z. 
One has the linear isomorphism 

(59) C*^C!.(8)C;. 

Moreover it was shown jKW3| (cf. |dBT2[[FBZ] ) that both C* are subcomplexes of 
C* , and that 

H'{C'_) -- 

Therefore by the Kiinneth theorem 

(60) H'{C') = H'{Cl). 

It follows that we may identify 'W'^(g, /) with the vertex subalgebra if"(C^) of C* 
(Note that the cohomological gradation takes only non- negative values on C^. ): 

(61) w'=(fl,/) = i/"(c;)cc-. 

Let glff = Q^tSiClt, t~^] © CI be the central extension of the Lie algebra g'''(g)C[i, t~^] 
with respect to the 2-cocycle (j)k, defined by (t>k{a,b) — {k + h'^){a\b) — ^n^^{a,h). 
Set 

F^HflO = C/(0{ff)®c/(B/®c[*]eci)C 

where C is the g'''(g)C[i] 0Cl-module on which g-^®C[i] acts trivially and 1 acts as 
1. 

By ([57]) one can regard V'^^{q^) as a vertex subalgebra of V'^(g). 

Theorem 3.8.1 ( |KW3| ) . For any fc e C one has the following. 

(i) It holds that H\CX) = for all i ^ 0. Therefore W{C') = for all i ^ 0. 

(ii) There exists an exhaustive, separated filtration {J^pW^(g,/)} of the vertex 
algebra W^(0,/) such that 

gr^^\Q,f)^V^-{Qf) 

as graded vertex algebras. 

Remark 3.8.2. The filtration in Theorem l3.8.1l arises from the spectral sequence 
associated with the filtration of defined by 

FpCl = (C?)" 

(cf. §4 of [Ml)- 

Because g-^ is preserved by the adjoint action of xq and Hq, there exists a basis 
{uj;j = 1, . . . jdimg-^} of g-^ consisting of simultaneous eigenvectors of adxo and 
adft-o- Let dj E ^Z>o be the half of the eigenvalue of ad/io on uj: 

(62) [hQ,Uj] = —2djUj. 
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By Theorem 13.8.11 there exist homogeneous elements W^-'^ of W'^(0, /) with j ~ 

1. . . . . dimg-'' whose symbols are 1)1, and W'^(g, /) is (strongly |K2| ) generated 
by the fields 

(63) \N^^\z) =Y{\N^^\z) 

in C*. The vector W^-'^ has the conformal weight 1 + dj. Thus it follows that 
W'^(g,/) is positively graded: 

(64) ^^-(0,/)= W'=(0,/)a, W'=(0,/)o = C1. 

Aeiz>o 

4. Ramond Twisted Representation of Affine ly- Algebras 

4.1. Ramond Twisted Representations of W'''(g, /). Let (Tu : C C be the 

automorphism of order < 2 defined by 

(65) cTfl^^e"^^''". 

By ([51]) . aji fixes the vector Q = Q^^_i)l. Therefore |KW4| an defines an automor- 
phism of W'^(0, /). 

A (Ti?-twisted representation of W'"'(g, /) is called a Ramond twisted representa- 
tion of ^'(fl,/). 

Note that ~ <7h (see ^2A\ and ((53)) ). Therefore Ramond twisted representa- 
tions are exactly the iJ-twisted representations. 

Remark 4.1.1. If the nilpotent element / is even then an is trivial. In this case 
a Ramond twisted representations are usual (non-twisted) representations. 

Proposition 4.1.2. Let M be a UR-twisted representation of C* . Then the space 

ker((Q)fJ) : M ^ M) 

M{Q)f^) ■■ M ^ M) 
is naturally a Ramond twisted representation ofW'^{g,f). 

Proof. By (ITT|) and ([5T|l . the square of {Q)^q^ is equal to zero. Therefore the above 
space is well-defined. The rest also follows from (ITT]) . □ 

4.2. CTfl-Twisted Representations of C Set 

^{x eg; [hn, x] = 2jx}. 

Then g — ^j^i^ Bi*^" gives a good grading for /, called the Dynkin grading |KRWj . 
Let 

= 0°y"®Ci^' ®CK®CD 
be the (T_R-twisted afltine Lie algebra [Klj . where fl?^" — 0?^", and the 

rsj (mod Z) 

commutation relations are given by the same formula as q. 

We write J{n)^- for J^t"' € . Also, to avoid confusion we write and 
for X and D in g^, respectively. 
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Lemma 4.2.1. Let M be a vector space. Defining a aR-twisted V'^{g) -module 
structure on M is equivalent to defining a -module structure on M of level k 
such that J{n)^m = for all m G M and n ^ 0. 

Proof. By ([T2l) . given a CTi^-twisted module structure on M one has 

(66) [Y'\j{~l)l,z),Y'\j'{-l)l,w)] 

= Y^\[J, J'](-l)l, w)5j{z ~w) + k{J\J') idM 5^<5j(z - w) 

for J e 0?'"\ J' G 0- It follows that the correspondence J{n)^ {J{—1)1)^^^ 
define a representation of 0-'^ on M of level k with J{n)^m = for m G A/ and 
n > 0. 

Conversely, suppose that we are given a 0-'^-niodule structure on M of level k 
such that J{n)^m — for m G M and n ^ 0. Define a 2-twisted filed J{z)^ on M 

by 

(67) Jiz)'^^ J{n)^z~"'^ forJG0°''". 
These fields satisfy the same formula as (|66p : 

(68) [J(z)^-, J'(u;)^] [J, J'](u;)^(5j(z-w) + fc(J|J')idM5^'5j(z-w). 

for J G 0?^^^ and J' G 0- 

Let F be a vertex algebra generated by J{z)^ with J G in the space of 2-twisted 
fields on AI in the sense of Li ^LiJ. By (|68|) it follows that the correspondence 
J(— 1)1 1-^ J{z)^ defines a vertex algebra homomorphism from 1^*^(0) to V (cf. 
(IT^ ). Thanks to Proposition 3.17 of [Lij, this completes the proof. 

□ 

Let Ql^ be the superalgebra generated by the odd fields ij^ain)^ (a G A^o, 
n G a{ho)/2 + Z) with the relations [V'a(w)-^, tpfs{n)^] — (5,„+„^o'5a+/3,o- 
The proof of the following assertion is the same as that of Lemma 14.2.11 

Lemma 4.2.2. Let M he a Ql^ -module such that il;a{n)^m = for all m G M , 
a G A^o o,nd n 3> 0. Then the formulas 

r*-^(^„(~i)i,z) = ^„(z)^= ^«(n)^'2-"-' (aeA>o), 

nea{ha)/2+Z 

r*^(V'a(0)i,z) = Va(^)''- ^"W^"" (aeA<o) 

neQ(/io)/2+Z 

defines a ajj-twisted /\~~^* {LQyo) -module structure on M . 

Set Uk{Q^') = ?7(0^)/(is: - fcl). Let M be a C/fc(0'")®e?^-module such that 
J{n)^m = %l]a{n)'^'m = for n 0, m G Af, J G and a G A^o- Then by Lem- 
mas 14.2.11 and 14.2.21 M can be naturally considered as a crij-twisted representation 
of C*. By Proposition 14.1.21 the space 'ker{Q)'^^^/ m\{Q)-'^^-^ is a Ramond twisted 

representation of W'^(0, /). One has 

(69) (Q)fo) = (Q^*)(o)+x(^), 
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where {Q )^q^ and x^q) are explicitly expressed as follows: 



aeQ(ho)/2+2 



2 

fcec«(ho)/2+z,ie/3('io)/2+z 



M 



4.3. Identification with Non-Twisted Representations. The superalgebra 
U{q^)(^$CI^ is isomorphic to U{g)®Cl IKW5j : the isomorphism is given by: 

t_ih„ -Mn)^ ^ Mn + a(/io)/2) (a £ A), 

MOf^MO) + ^{ho\J,)K 
K'^ ^ K, 
D^^D-^hoiO), 

V-aW^ ^ tlJa{n + a{ho)/2) [a G A^o, n S Z), 

Set Ukio) = U{q)/{K - k) for fc e C. Let G Aut(C/fc(fl)®eO be a lift of the 
longest element wq of the Weyl group W . Set 



(70) j/o = wotl 1 



ho ■ 



Then yb defines an isomorphism Uk{Q^)®Ql^ Uk{Q)®&l- 

Let M be a (non- twisted) positive energy representation of V^{q). Then the 
space M® {Lq^q) can be regarded as a cr_R-twisted representation of Ql, by 

the action 



(71) u ■ m ~ ya{u)'m 

for m e M(8)/\^^*(L0>o) and u £ L/A..(0-")0e;^. Note that in this case the differ- 
ential (Q)J^® A*+*(iB>o) homotopic to 

Q =Q1'+X-, 



where 

(72) Ql'= J2 M~n)i;_^{n) 



2 



(73) E xiJ-cHciO). 
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One has 



Q_(M®/\ ' ^'(i0>o)) C M®/\ ' \lq>o) 



It fohows that by Proposition 14.1.21 the homology space 

iff^ST(M) := i/.(M®/\^^'(L0>o),Q-) 

can be considered as a Ramond twisted representation of 'W''{g, /). 

The cTij-twisted representation M(S' /\~~^* {Lq^q) of CI is graded by the Hamil- 
tonian —D, which acts on it diagonally. Obviously D commutes with Q_, and hence 
H^^^^ {M) is graded by the Hamiltonian —D. It follows that we have obtained the 
functor 

(74) v''{Q)-^moD ^ w''{2, fymoD, m >-> h^^^'^{m). 

Remark 4.3.1. One has H^^^^{M) = iJ^+,(L0<o, M^C^, ), where the right- 
hand-side is the Feigin's semi-infinite Lg<o-homology with the coefficient in the 
Lg<o-module M^C^^, and X- is identified with the character of Lq^q such that 

X-iJ-a{n)) = Sn,QX{Ja)- 

4.4. Finite W^-algebras as i/-tv^fisted Zhu Algebras. Let M eW'{Q,f)-Tlodaj^ 
and suppose that Mtop is concentrated in one degree: Mtop = Af^o- Then 

and therefore, 

(75) Hf^^^iM),,^^Hf^^^iMU, 

provided that H^^^'^iM)d„ + 0. 

In this case -ff^^^"'"(M)top is easily described as follows: Identify the Grassmann 
algebra /\*(fi_) of fi_ with the subalgebra of C/ generated by '0a (0) with a G A_. 
Then /\'(fi_) is also identified with the subspace A~^*('^fl>o)top of /\~^*(Lg>o). 
One has 

(76) H^^^^{M)top = Ho(Mtop®/\*(fi-),Q-). 
One sees that the operator Q_ acts on Mtop® A* (i^-) 

(77) Q-= (Jc.(O)~x(^-a))0-a(O) 



aeA<o 

1 



^ c;^_^7/;^„(0)V-/5(0)V^(0). 



2 

From this formula it follows that the complex {Mtop® /\'{fi-),Q-) is identical 
to the Chevalley-Eilenberg complex which defines the Lie algebra g<o-homology 
iJ^"'(g<o, Mtop(8iCj_ ) with the coefficient in the g<o-module M(E)C^_ , where — 
?7(0<o)/kerx- and X- is the character of g<o defined by 

X-(Ja) = X{j-a)- 

Thus one has 

(78) Hf^^^{M)top = i?.L'°(n_, Aftop®Cx_ ). 

This in particular means thati7L''=(n_,Mtop0Cx_) is a module over Zhi/(W'^ (fl, /))• 



REPRESENTATION THEORY OF W-ALGEBRAS, II 



17 



Recall [DSK] that 

(79) Zliff(W'=(B,/))-Wfi"(0,/), 

where W^"(0, /) is the finite W -algebra associated with (g, /). The finite VF -algebra 
'W*^"(0: /) ™ay be defined by means of the quantum BRST reduction |KS[|D^HK] : 
Let CI be the Clifford algebra associated with 0<o®0>o and ( | )|g<o©g>o- We 
identify Ql with the subalgebra of & generated by tp^ = V'q(O) with A^q- One has 
the subalgebra U{q)(^CI in Uk{Q)®Gl, and Q_ can be considered as an odd element 
of [/(g)®e/. One has (Q-)^ = 0, and thus 

(adQ_)2 = 0. 

Therefore {U ad Q_) is a chain complex (with respect the grading by charge). 
The corresponding homology 

(80) H,{U{g)(g>ei) ==i7.(C/(s)®e?,adQ_) 
is naturally a Z-graded superalgebra. 

Theorem 4.4.1 ([DfHK], cf. Theorem 2.4.2 of [S3])- 

(i) It holds that Hi{U{3)^ei) = for all ij^O._ 

(ii) There is an algebra isomorphism Ho{U{g)(^Cl) = W^"(0, /). 

For a g-module M, M(8)A(0<o) is naturally a [/(0)cg)CZ-module. Therefore the 
algebra Ho{U{q)^&) naturally acts on M(g)C;^_ ). As in the same manner 

as [X3], it follows that the action of Zh//(W''(0, /)) on i?^^^'^(M)top coincides with 
the action of Ho{U{q)^GI) on the space Mtop(8iC^_), via the isomorphisms 

(1781) and (ii) of Theorem gXH 

5. Representation Theory of Affine W-Algebras via the BRST 

COHOMOLOGY FUNCTOR 

5.1. The Vanishing of the Lie Algebra Homology. Recall the notation from 
gOand 

Let L{X) be the irreducible highest weight representation of g with highest weight 
A e [)*. 

Let 00(0) be the full subcategory of the category of finitely generated left g- 
modules consisting of objects M such that (1) dimU{h+)m < 00 for all m e M, 
(2) t) acts semisimply on M, (3) M is a direct sum of finite-dimensional go-modules. 

Set 

(81) P+ = {A e f)*; i^a"") e Z>o for aU a e Ao,+}. 

For A e Pg*" put Mo(A) = U{q)'S>u{s>o)E{X), where E{X) is the irreducible finite- 
dimensional representation of go with highest weight A, considered as a g>o-module 
on which g>o acts trivially. The Mo (A) has L(A) as its unique simple quotient. 
Every simple object of C'o(g) is isomorphic to exactly one of the L{X) with A G . 

For a finitely generated g-module M let Dim M be the Gelfand-Kirillov dimen- 
sion of M. By (|26|) . one has 

(82) DimAf < 
for aU M e 00(0)- 
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Set 

(83) i?L-(M) = Hl'^ig^o, M^C^_ ). 

One sees that Hq^'^{M) is finitc-dimcnsional for any object M of Oa{g) as in Lemma 
2.5.1 of [A3]. From gUit follows that the correspondence M i-^ H^'"'{M) defines 
a functor from Oo(£i) to ^Jin(W^"(0, /)), the category of finite-dimensional repre- 
sentations of 'W^"(g, /). 

Theorem 5.1.1 (Matumoto [M]). 

(i) The functor : Oois) 5-in(W*^"(0, /)) is exact. 

(ii) Let M be an object ofOois)- One has H^'°{M) ^ if and only i/DimM = 

Because every projective object of OoCfl) is free over J7(0<o), the following as- 
sertion follows from (i) of Theorem lS.l.ll in the same manner as Theorem 2.5.6 of 

Theorem 5.1.2. One has HY'''{M) = for all i ^ Q and for all M e Oo(0). 

5.2. Representations of Finite W^- Algebras in Type A. In 'BK], Brundan 
and Kleshchcv gave a complete description of irreducible finite-dimensional repre- 
sentations of W^"(g, /) in type A, as we recall below: 

Let g — s[„(C). As usual, we write A = {a^j; 1 < i, j < n}, A+ — {a^j; 1 < i < 
J < '^l- 

Let Yf be the partition (pi < P2 < ■ ■ • < Pr) of n corresponding to the nilpotent 
element /. Following 'BK', we identify 1/ with the Young diagram with pi boxes 
in the «th row, and number the boxes of ly- by 1, 2, . . . , n down columns from left 
to right. The corresponding good grading is defined so that 

(84) Aq = {ofi.j; the ith and the jth boxes belong to the same column} 
(see [EKIIBE] for details). Let 

(85) A^ = {a e A;a(/i) = V/i e ^■'^l, 
A^ = A-'' n A+. It is easy to see that 

A-'^ — {oii j e A; the ith and the jth boxes belong to the same row}. 

Let 

(86) Wf = {w &W]w{h) = hyhc,\)f}. 

Then is the subgroup of = 6„ generated by Sq with a G A-^. 

Theorem 5.2.1 (Brundan and Kleshchev IBKJ , g = s[„(C)). 

(i) For A e Po+, HY%L{\)) ^ if and only if (X + p.a") N for all a £ 
A;^. In this case Hq^°{L(\)) is irreducible. Further, any irreducible finite- 
dimensional representation o/W^"(g, /) arises in this way. 

(ii) Nonzero Hq^°{L{\)) and Hq^'^ {L{p.)) , with A,/2 G , are isomorphic if 
and only if fl + p G (X + j5). 
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5.3. The Category Oo.fe of g-Modules. Recall the notation from H3.3i 

For A G f)* let L{X) be the irreducible representation of g with highest weight A. 
Let Oo^k be the full subcategory of the category of left g-modules consisting of 
objects M such that the following hold: 

• K acts as the multiplication by k on M; 

• M admits a weight space decomposition; 

• there exists a finite subset {/ii, of f)^. such that Af = Af^; 

• for each d e C, Aid is an objects of 00(0) as g-modules. 

Set 

(87) P+, = {AGf)^^;AGPo+, (A,if)-fc}. 
For A e P+j^, let 

(88) Afo(A) = UiQ)^umeCK eCD)MoW. 

where Mo{X) is considered as a g[i] © CK © CU-module on which Q[t]t acts trivially, 
and K and D act the multipHcation by (A, if) and {X,D), respectively. The Mq{X) 
is an object of Oo.fej and has L{X) as its unique simple quotient. Every irreducible 
object of Ok is isomorphic to exactly one of the L{X) with A £ Pok- 

The correspondence M 1-^ M* defines a duality functor on Oo^k- Here, g acts on 
M* by 

(89) (X/)(t;) = fiX'v) 

where X 1-^ X* is the anti-automorphism of g define by = K, D* = D and 
J(n)* = J*(-n) for J e 0, n e Z. 

Clearly, (A//*)* = M for Af e Oo,k- It follows that L(A)* = L(A). 

Let O^j, be the full subcategory of Oo,fe consisting of objects M that admit 
a finite filtration Ai^ = Mq D Ai^i D • • • D Mr — such that each successive 
subquotient Mi/Mi^i is isomorphic to some generalized Verma module Afo(Ai) 
with A,j G Pf^k- Dually, let O^^. be the full subcategory of Ok consisting of objects 
M such that M* e ObjOf. 

For A G P(/"/j, let be the Serre full subcategory of Oo.fc consisting of objects 
Af such that Af = A/'^. It is well-known (see e.g., [S]) that every L{fj,) that 

lies in admits the indecomposable projective cover P<A(/i) in O^^, and hence, 
every finitely generated object in O^^ is an image of a projective object of the form 
®[=i ^<a(m.)- The P<A(Ai) is an object of O^^^. Dually, = P<x{fiy is the 

injective envelope of i(/i) in O^^. 

5.4. The "Top" Part of the BRST Cohomology. Let M be an object of Oo./c- 
Clearly, A^top is a g-submodule of M. By Theorem [SHH 7?p^(A^top) = for all 
i> 0, and i7g'°(Aftop) is a finite-dimensional W*^"(g, /)-module. 

The following assertion follows from Theorem l5.1.2l 
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Lemma 5.4.1. Let M be an object of Oo^k- Assume that iJ^'°(Aftop) 7^ 0. Then 
one has the following isomorphism of V^^^{q, f) -modules: 

'Hl'^Mtop) for 1^0 
fori^ 0. 

The following assertion follows from Theorems 15.1.11 15.1.21 and Lemma 15.4.11 

Proposition 5.4.2. One has 

'i/o^-(Mo(A)) fori = Q 


\hI'%Mo{\)*) for 1 = 



iJf--(Afo(A))top 



i?f^S^(Mo(A)*)top 
and i/DimX(A) = d^, then 



top 



foriy^ 0, 

'i/Lic(X(A)) 
fori^ 0. 



5.5. The Vanishing and the Almost Irreduciblity. 

Theorem 5.5.1. Let M be an object ofOo^k- Then Hf^^'^ {M)d is finite- dimensional 
for all d. If M is an object of O^^ then Hf^^^{M)d = unless \i\ < d - (A,D). 

Proof By Theorem [5X^ one has = for all i 7^ 0. Therefore by 

considering the Hochschild-Serre spectral sequence for 0<o C i0<o, the assertion 
follows in the same manner as Theorem 7.4.2 of IA3I. □ 



Theorem 15 . 5 . 1 1 in particular implies that iJ^^^'^(M) is an ordinary representa- 
tions for all M e Oo.fc- K follows that one has the functor 

(90) Oo,k ^ V^Hq, .f)-rnod,n, M ^ H^'^''^{M). 



Theorem 5.5.2 (|KW3j). For A £ ^0*:+ 

one has the following: 

(i) Hf^^^{Mo{X)) = for all i / 0. 

(ii) H^^^"^ {Mq{X)) is almost highest weight. 



(The proof of Theorem 15.5.21 is the same as that of Theorem 13.8. II ) 
Theorem 5.5.3. For X G P^^^ one has the following: 

(i) Hf^^'^ (MoiX)*) = for all i ^ 0. 

(ii) ^^"'"(Mo(A)*) is almost co-highest weight. 

The proof of Theorem 15.5.31 is given in Section [6l 

Though our formulation is slightly different from that of jKW5| . the following 
assertion essentially confirms Conjecture B of |K W5| . partially (cf. Theorems l5.7.11 
EXU and [5S3] below). 

Theorem 5.5.4 (The main result). Let k be any complex number. 

(i) Let M be an object of Oo,k- Then Hf^^^iM) = for all i ^ 0. In 
particular the functor H^^^'^ (?) : Oo^k ^ W^(0, f)-modaji is exact. 

(ii) For X £ P()+, FI^^^"^ {L{X)) is zero or almost irreducible. Further, one 
has H^^^^{L{X)) ^0 if and only if Dim L{X) = d^. 
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Proof. We give only the sketch of the proof because it is essentiaUy the same as 
those of Theorems 7.6.1 and 7.6.3 of A3]. 

From TheoremEXl](i) it follows that Hf^^'^{M) = for alH 7^ and M e O^j^, 
and hence Hf^^^ {P<x{fi)) = for alH ^ and all < A in P^^^. This together 
with Theorem [5.5.1| gives the vanishing of TJf ^^'^(M) for alH > and all M e Oo,k- 
Likewise, Theorem [533] (i) gives fff^S'^(M) for aU i < and all M e Oo,k- 
This shows (i). (ii) follows from (i) using Thcorcm lS.l.ll fii). Thcorem l5.5.2l (ii) and 
Theorem [5X3] (ii). □ 

Corollary 5.5.5. Let A E Pq_^_ with k e C. The representation H^^^'^ {L{X)) is 
irreducible over W'^(g, /) if and only if H}f^^(L{X)) is irreducible o^er W^"(g, /). 

Proof. The assertion follows immediately from Proposition l5.4.2] and Theorem l5.5.4l 
(ii). □ 

5.6. The Character of H^^^'^ {L{\)) . Let chL(A) be the character of i(A): 
chL(A) = 2^e'^dimL(A)'^. One has 



chL(A) = ^ CA.^I^^ Q_e-a^dimfl 



per 

with some c\,^ G Z. The coefficient c\,^ is known by Kashiwara and Tanisaki [KTj 
(in terms of the Kazhdan-Lusztig polynomials) provided that k is not critical (for 
any simple summand of g). 

Recall [KW31IKW5] that the "Cartan subalgebra" of f) is given by 

(91) i^i®C.D, where t=^/. 

Because it commutes with Q-, t acts on the space H^^^^{M). 
Let 

diH^'^^'^{L{X)) = ^e«dimi/™ST(^(;^))^^ 
set- 
where Hf^^'^{L{X))^ = {c e H^^^'^ [L{X))-tc = C(i)c e t}. 
Set 

CXD 

(92) XffBKST(^,)) = {-lychH^^^^iLiX)). 

i— — oo 

By the Euler-Poincare principle one has [FKWi IKRWi IKW5j 

(93) XffBRST(i(A)) 



n,>i(i - e-^-^u)-"'^8 naeAE,^+(i - e-"l') ' 

where Af)^+ = {a £ A'(?;a G Ao}. 

The following assertion follows immediately from Theorem 15.5.41 

Theorem 5.6.1. For A G P^ one has 
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5.7. Type A Case. In type A, the following assertion follows immediately from 
([79]) . Theorems HXH EXT] and [EEKin the notation of j jO]) . 



Theorem 5.7.1 (g = sl„). Let k be any complex number. 

(i) One has Hf^^^{M) = for all i ^ and all M £ Oo.fc- 

(ii) For A G Po'',+> ^ if and only if (A + N /or all 
a € A'^. In this case Hq^^'^{L{X)) is irreducible. Further, any irreducible 
ordinary Ramond twisted representation o/'W*'(s[„,/) arises in this way. 

(iii) Nonzero H^^^'^{L{X)) and Hq^^'^ {L{fi)) with X, fi e Pq[^ are isomorphic 
if and only of p, + p G W^(X + p) . 

Theorems 15.6.11 and 15.7.11 determin^ the characters of all irreducible ordinary 
Ramond twisted representations of W'^(5[„,/) for all nilpotent elements / at all 
non-critical levels k. 

Remark 5.7.2. If g is not of type A, it not true that nonzero H^^'^'^ [L{X)) is 
always irreducible, see Theorem 3.6.3 of [M]. However it is likely that H]^^^^ {L{X)) 
is a direct sum of irreducible modules. 

5.8. Modular Invariant Representations. In this section we assume that g is 
simple. 

Let Pr^ be the set of principal admissible weights |KW2| IKW5| of q of level k. 
For A e Pr^ one has (KWlj 

pWoX 

(94) chL(A)= y (-1)^^("') 



" n,>r(i - e-^)--« n.eA;=(i - e-). 



Let A(A) = A(A) n A, and]let W{X) C be the integral Weyl group of A e ()* 
generated by Sq, with a £ A(A). The formula ([M]) in particular implies that 



(95) chL(A)= (-1) 



„wo\ 



u,ew(x) naeA+(l e "). 

We remark that an element A of Pr^ done not necessarily belong to _|_. How- 
ever the Euler-Poincare character Xh^"-^'^ makes sense for all A G Pr^ [K W5| . 
and coincides with the right-hand-side of ([93| . Thus it has the form 



(96) Xhbh-(l(a)) = e^^-^'^l' Y e-^^I^A 



with 

Note that (^a,o is the Euler-Poincare character of _ff^'°(L(A)). 



° In the case of / is a principal nilpotent element the characters of all irreducible positive 
energy representations of W°(g, /) was previously determined in |A3I (for all g and all fc G C). 
Also, in the case / is a minimal nilpotent element the characters of all irreducible (non-twisted) 
positive energy representations of W*^ (g, /) was previously determined in |A2| (for all g and all 
non-critical k). 
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The Eulcr-Pomcare character Xh^'"-^'^{l{x)) is called almost convergent |KW5| if 
lira ipx o{z) [z G t) exists and is non-zero. Set 

(98) Mfe = {A e Pr^]XH^TiST(^i^(^x)) is almost convergent}, 

(99) Mk^MknP^^+. 
(We are not assuming that g ~ sin-) 

Theorem 5.8.1. Let A G Mk- Then H^^^^{L{X)) is irreducible. 

Proof. By Corollary 15. 5. 51 it is sufficient to show that Hq^°{L{X)) is irreducible over 
Wfi"(0,/). 

By Corollary 2.2 of f KW5| (or its proof) one has 

|A(A)| = |Ao|. 

(In our setting A° U A^/^ in |KW5| is identified with Aq, see |BG) .) Because 
A e P^^j^, Ao C A+(A), and hence A(A) = Aq. This implies 

(100) {\ + p,a'') <^Z, VaeA>o. 

Thanks to Theorem 3.4.4 of [MJ, this gives the irreduciblity of H^'''{L{X)). □ 

Remark 5.8.2. Let A e -Pq _)_• From Theorem 15.5.41 it follows that Xh'^'^^'^{l(\)) is 
almost convergent if and only if DimL(A) = d^. 

Recall |KW5j that the pair (k, /) is called exceptional if the Euler-Poincare char- 
acter Xh'^^s'^(l(x)) is almost convergent for some A G Pr'^, and is either zero or 
almost convergent for all A € Pr^ . 

The exceptional pairs are classified in [KW5j in type A: Each admissible number 
[KW2| k of s[„ is written as 

(101) k + n=-, p>n, q>l, (p,g) = l. 

q 

For such a k the pair (fc, /) is exceptional if and only if / is the nilpotent element 
corresponding to the partition (s, q,q, . . . ,q) [s = n (mod g), < s < q). 
The following assertion was implicitly provecj^ in [KW5| . 

Proposition 5.8.3. Let {k, f) be an exceptional pair for sin . There is an bijection 

W^xMk^Mk, iw,X)^woX. 

Proof By Theorem 2.3 of [KW5] . 

(102) Mk = {Xe Pr^; A(A) C A\A-^}. 

Let A e Mfe, u; G . Since A^^nw-i(AL°) c A^, gives A'+"(A)nu;-i(A'L^) = 
0, or equivalently, u; o A G Pr^ . Because 

(103) XH^^sTf^nx)) = Xh?rst(£(^oA)), g , 

the element woX belongs to M^. Therefore the shifted action of preserves M]~. 
Further, again by (|102p . it follows that this action of on Mk is faithful, and 
that Mk n {Wf o A) = {A} for A G Mfe. 

^In the case that / is a principal nilpotent element (= the case that q > n, Aq = and 
= A) Proposition 15.8.31 was proved in , FKWj . 



24 



TOMOYUKI ARAKAWA 



Next let k be as in (I101|) . By Lemma 3.1 of |KW5j one has 

(104) rankA(A) > mm(n - g,0) rankAo, \/\ePr^. 

According to (the proofs of) Propositions 3.2 and 3.3 of [KW5| . the rank of any root 
subsystem in A\A''' is equal to or smaller than rank Aq, and is equal to rank Aq if 
and only if it is •''-conjugate to Aq. Thus for A S Mk there exists w £ such 
that A(A) — w(Ao), and thus o A £ M^. This completes the proof. □ 

According to |KW5| , Theorem 15.7.11 and Proposition 15.8.31 give the following 
assertioiQ 

Theorem 5.8.4 (Conjectured by Kac and Wakimoto jKW5| ) . Let {k,f) be an 
exceptional pair for sin- The linear span of the normalized characters of irreducible 
ordinary Ramond twisted representations Hq^^"^ {L{X)) o/W'^(s[„, /), with A G Mk, 
are closed under the natural action of SL2{^). 

6. Proof of Theorem 15.5.31 

The proof of Theorem l5.5.3l is essentially the repetition of the argument of §7 of 
|A3| . Therefore we give only the sketch of the proof. 

6.1. Step 1. Let 

(105) C'{Mq{\)) :=Afo(A)®/\^'^*(L0>o). 

As in §8.2 of [M], we identify Mq{\)*® /\^^' [Lq^q] with C'{Mq{\))* (* is defined 
in (IMI)): 

(106) H^'^'^'^iM^iXY) = i7.(C"(Mo(A))*,Q_). 
The differential Q_ acts on C"(Mo(A))* by 

(107) (Q-</')(c) - m+c) 

for e C"(Afo(A))*, V e C"(Afo(A)), where 

(108) Q+ = (g;*)(o)+x;, X'+- E X(^a)V'-a(0). 

qGA>i 

Below we regard C*(Afo(A)) as a o-fl'-twisted representation of C by the action 

(109) X(n)^K^r_i^„(X(n)), ^„(n)^^r_i,„(V'a(n)) 
(see Remark 16.1.21 below) . Then 

(110) (Q(_i)l)57'''"("» = Q+ 

(in the notation of N2.3p . 

Let C^(A) the C^-submodule of C*(Afo(A)) spanned by the vectors 

(111) Jat{mi) . . . Ja,(mr)V'/3i(ni) . . .'0/3,(?^s)wA 

with m e A<oU/ and (3i G A<o, where v\ is the highest weight vector of C'{Mo{X)). 
As in it follows that C^(A) is an subcomplex of C*(Afo(A)). 

^'^However the rationality of the simple quotient of 'W'^(s[n,/) still remains to be an open 
problem. 
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The graded dual space C^(A)* of C^(A) is a quotient complex of C"(Mo(A))*. 
Thus there is a natural map 

(112) H^'^^^iAMX)*) ^ i/.(C;(A)*). 

The space C+(A)* is a C+-submodule of Afo(A)*(X) A~^'(-^0>o) with respect to the 
action ([71]) . Hence by ([61]) it follows that (|112|) is a homomorphism of Ramond 
twisted representations of "W'^(0, /). 

One has the following assertion (cf. Proposition 8.3.4 of AS^): 

Proposition 6.1.1. The map gives the isomorphism 

i/.^^'^(Mo(A)*) = i?.(C;(A)*) 

o/W'^(g, f)-modules. 

Remark 6.1.2. Using the action (|109|) one can define a cTfl-twisted C*-module 
structure on Mo(A)*(g) /\~^*(L0>o) by the formula 

(X(n)0)(c) = (j}{X\~n)c) with X G g. 

This is not the same as action as ([TT]) . but as easily seen H^^^"^ {Mi^{\)*) is almost 
co-highest weight if and only if it is so with respect to this new action of 'W'^'(0, /). 

6.2. Step 2. One has 

C'+W^ C\{\)d. dimC;(A)d = oo. 

Note that the subspace C* (A)top = C+(A)_(a,£)) is the subcomplex of (C^(A), Q+) 
spanned by the vectors 

(113) Ja, (0) . . . Ja, (0)#, (0) . . . (0)WA 

with Oj G A<o U /, /3j G A<o, and hence, 

(114) C;(A)top = A?o(A)®/\*(r>o)- 
One has the weight space decomposition 



c;(A)top - cxiX) 



top ■ 



Define a decreasing filtration 

C+(A)top — -F*'C'+(A)top 3 -F"'"C^(A)top 3 

of C;(A)top by 



(115) J^^c;(A)top= c;(A) 



top ■ 



Then 

(116) (Q?)(o) • i^pc;(A)top c i^pc;(A)top, 

(117) x'+ • i^PCT(A)top C Ff+ic;(A)top. 
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Let FPC^{X) be the subspace of C^(A) generated by C^(A)top over C^. One has 

(118) Cl{X) = F°Cl{X)DF^Cl{X)D 

(119) f]FPCl{X)=0, 

p 

(120) Q+PPCliX) C FPCliX), 

(121) a^„y FPC^iX) d F'PC'+{X) {aeC'+,neZ) 

(cf. Proposition 8.5.3 of [A3]). 

Let (^EP-''^,dr) be the corresponding spectral sequence: 

(122) ''EP-'' = F?'CP+''(A)/^^f+iC^+«(A), 

(123) ''EP-'' = HP+'^Cep-'). 

We do not claim that this spectral sequence converges to H'{C'^{X)). We will show 
in Proposition [6X2l below that Er converges to the dual D{H^^^'^ {Mo{X)*)) of 
H^^^'^iMoiX)*). 

6.3. Step 3. Set 

(124) FpCliXy = {Cl{X)/FPC'4X)r c c;(A)*. 

Then {FpC^(A)*} defines an exhaustive, increasing filtration of the chain complex 
{C^(A)*} which is obviously bounded below (cf. Lemma 8.5.4 and Proposition 8.5.5 
of [A3]). It follows that one has the corresponding converging spectral sequence 

(125) E"- ^ H,{Cl{Xy) = Hf^^^{Mo{X)*). 

Let {FpHf^^'^ {Mo{X)*)} be the corresponding increasing filtration of H^^^"^ {Mo{X)* 

Because the filtration is compatible with the action of the Hamiltonian —D, each 
Ep ^ decomposes into eigenspaces of ~D as complexes: 

(126) {E;^,)d. 

de-{A,D)+Z>o 

It follows that 

(127) (i?-),, 

and each {E'^)d converges to {E°°)d- In particular one has 

n9S^ mrp-^ _/gr^i/o^^ST(Mo(A)*)top ifp + q = 0, 

p-\-q—n \ 111 

by Proposition 15.4.21 

Also by ()12ip this filtration is compatible with the cTfl-twisted action 011^*^(0, /). 
Hence each i^^ ^ is a Ramond twisted representation of W''(g, /), and the differential 
<r is a morphism in W''^(g, /)-S[noc)^^. Therefore {FpH^^^'^ {Mq{X)*)} is a filtration 
of Ramond twisted representations of W'^(g, /), and the corresponding graded space 

p+9=0 

is also an object of W''(g, /)-9Jtoc)CTH- 
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6.4. Step 4. Consider the subcomplex 

{\-fj,,xo)=p 

oi'^El''^. By HITD one has 

(129) (ri?oP'-)top,Q+)= (Cf''(A)r„p,(Q^H^)(o)) 

as complexes. 

By definition Eq'* is spanned by the vectors 

(130) Jai (mi) . . . Ja, {'mr)ipp^ [ni] ... ipp^ {ns)c 

with c G ('^i?Q'*)top, and mi,ni < 0. It foUows that each Z3-eigenspace (^-Eq'*)^ is 
finite-dimensionaL Thus by Lemma l3.3.1i 

(131) e°^(= CEf;~^'''+^y) = d(^s^-1'«+1). 

The foUowing assertion foUows immediately from (|13ip . 

Proposition 6.4.1. One has E^ ^ = D(^£;f "^'''+^), or equivalently, El-"^ = 
D(i?^+i,,-i). 

The following assertion follows from Proposition l6.4.r] bv the inductive argument. 

Proposition 6.4.2. The spectral sequence E^ converges to D(Eoa)- 

The proof of the following assertion is the same as that of Theorem 13.8.11 

Proposition 6.4.3. One has Ef'"^ — for p + q ^ and there is a linear isomor- 
phism 

Ui3^[t-']t-')^CEP-ntop ^ 

of the form 

(132) u,,{-ni) . ..u,^{-nr)(E>v ^ W*!^,)^ . . .\N^l'^^v 
with a fixed PBW basis {ui-^ ■ ■ - Ui^ 

Thanks to Proposition 16.4.31 the following assertion follows by induction. 
Proposition 6.4.4. There exist isomorphisms of chain complexes 

CEr,dr) - {U{Qf[t-^]t-^)^CEr)top,l^d^) 

of the form (|132l) with v £ (^£'r'*)top for all r > 1. Therefore one has the linear 
isomorphism 

''EPJ = U{-2f[t-']t-')^CEPJ),op 
of the form ([132]) with v £ CEP^i)top. 
By (I128P and Proposition 16 . 4 . l1 one has 

(^£;£«)top = D((i?p°;i,,_i)top) = if p + g ^ 0. 
By Proposition l6.4.4l this gives ^ E^^ = if p + g 7^ 0, or equivalently, 

(133) E^.q^^ ifp + qT^O. 
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This gives that H^^'^'^{Mq{X)*) = for all n^O. 

Also, from Proposition [6A4] if follows that each ^iJP^'P is almost highest weight. 
Therefore E^_p = gr^ H^^^^ {Mo{X)*) = D{EP^'^'-p+'^) is almost co-highest weight 
with {E^_p)top = {E^_p)-(^x^D) (see RemarkiXl]). Hence H^^^'^ {Mo{X)*) is also 
co-highest weight. 

This completes the proof of (ii) of Theorem 15.5.31 □ 
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